The traditional data envelopment analysis (DEA) model can evaluate the relative efficiencies of a set of decision making units (DMUs) with ratio scale inputs and outputs, but it cannot handle interval scale data. This study develop an approach to efficiency analysis to deal with both interval-scale data and ratio scale data. This approach introduces a measure of inefficiency and identifies efficient units as is done in DEA models with VRS technology. The basic idea in the approach is to obtain a separating hyperplane of DMUs so that the hyperplane can separate the maximum number of DMUs whose performances are not better than a DMU under evaluation, from the rest of the DMUs. Performance measure is defined as a ratio of not-better units to all units. Also, this paper presents a relationship between the performance measures with those in DEA models with VRS technology.
Introduction
Data envelopment analysis (DEA) is a non-parametric method for evaluating the relative technical efficiency for each member of a set of peer decision making units (DMUs) with multiple inputs and multiple outputs. The original DEA models use (positive) input and output variables which are measured on a ratio scale [2] but these models do not apply to variables in which interval scale data can appear. With the widespread use of interval scale variables, such as profit or the increase/decrease in bank accounts emphasis has shifted to the simultaneous consideration of the ratio and interval scale data in DEA models. However, interval scale inputs/outputs cannot be used widely in DEA models. The problem with interval scale variables arises from the fact that rations of measurement on such a scale are meaningless [5] . The aim of this paper is to provide an alternative approach for efficiency analysis when a set of DMUs uses interval scale variables in the productive process. This approach introduces a measure of inefficiency and identifies efficient units as is done in DEA models with VRS technology. This approach introduces a measure of inefficiency and identifies efficient units as is done with DEA models with VRS technology. The basic idea of the approach is to obtain a separating hyperplane of DMUs that can separate the maximum number of DMUs whose performances are not better than a DMU under evaluation, from the rest of the DMUs. Performance measure is defined as a ratio of not-better units to all units. Besides, in this paper we present a relationship between the performance measures with those in DEA models with VRS technology. This paper is organized as follows: In section 2 we introduce preliminaries of DEA. In section 3 we present an approach to efficiency analysis based on separating hyperplanes of DMUs and the relationship between the efficiency measures with those in DEA models with VRS technology. Conclusions are summarized in section 4.
Preliminaries
We assume that there are n peer observed DMUs to be evaluated. Each DMU produces s different outputs by consuming m different inputs. Specifically, consumes amount of input i and produces amount of output r. The input and output vectors of are denoted by and , respectively. We assume and are semi-positive, i.e., ≥ 0, ≠ 0, ≥ 0, ≠ 0 for = 1, … , , and further assume that each DMU has at least one positive input and one positive output value. We use ( {1,2, … , }) as the DMU under evaluation. Throughout this paper, vectors will be denoted by bold letters.
The VRS Model
The production set of the BCC model is defined as a set of semi-positive ( , ) as follows:
where ( where is a scaler. Because and are semi-positive for = 1, … , ,
is a feasible solution to model (2.1), where =1, = 0 ( ≠ ), and =1, then * ≤ 1. Thus, 0 < * ≤ 1. * represents the input-oriented BCC-efficiency value of .
Definition 2.1. (Input-oriented BCC-efficient) The performance of is the input-oriented BCCefficient if and only if
The dual problem of model (2.1) is expressed as:
From strong duality theorem * = * , thus 0 < * ≤ 1.
The two-phases for input-oriented BCC model
The two-phase process for BCC model evaluates the efficiency of by solving the following linear program:
where > 0 is the non-Archimedean element. 
Definition 2.2. (BCC-efficient

Definition 3.3. Let (̅, ̅, ̅ , ̅ ) . We say (̅, ̅, ̅ , ̅ ) are relatively best weights in input-oriented for if
̅ + ̅ = ̅ + ̅ , ̅ > 0, and ∀( , , , )(( , , , ) & > 0 & + = + ⟹ (̅, ̅, ̅ , ̅ ) ≥ ( , , , )).
Definition 3.4. Let (̅, ̅, ̅ , ̅ )
. We say (̅, ̅, ̅ , ̅ ) are relatively best weights for if
. We say (̅, ̅, ̅ , ̅ ) are best weights for if
. We say (̅, ̅, ̅ , ̅ ) are relatively strongest weights in inputoriented for if
. We say (̅, ̅, ̅ , ̅ ) are relatively strongest weights for if
. We say (̅, ̅, ̅ , ̅ ) are strongest weights for if 
then (̃,̃,̃,̃) are relatively best weights of . Conversely, let (̅, ̅, ̅ , ̅ ) be relatively best weights of , then (̅, ̅, ̅ , ̅ , ̅ ), where ̅ is defined by (3.9), is an optimal solution of model (3.16).
Proof. The proof is similar to the proof of theorem 3.1∎. . Proof. Let is strictly -efficient. Then, by corollary 3.3, the optimal objective function value model (3.19) is zero, thus letting (̅, ̅, ̅ , ̅ , ̅ ) be an optimal solution for the model, we have:
Thus (̅, , ̅ ̅ ), where ̅ = ̅ − ̅ , is a feasible solution for the following model min −
. .
which for the feasible solution the objective function value of the model is equal to zero. Therefore, the optimal objective function value model (3.27) is zero. Thus, by strong duality theorem, the optimal objective function value of the following model:
. . Proof. Let be input oriented strongly -efficient. Then, by corollary 3.4, the optimal objective function value model 
Therefore, by strong duality theorem, the optimal objective function value of the following model: 
Summary and conclusions
We provided models to deal with interval scale input and/or output variables based on separating hyperplane of DMUs and, depending on hyperplane; we defined terms relatively best weights in inputoriented, relatively best weights, best weights, relatively strongest weights in input-oriented, relatively strongest weights, and strongest weights. Also, based on the terms, we defined performance measures of input-oriented efficiency, efficiency, strict efficiency, input-oriented strong efficiency, and strong efficiency. In addition, we presented the relationship between the performance measures with those in the DEA with VRS technology. Furthermore, these performance measures can be applied as a criterion for efficiency analysis and ranking of a set of peer DMUs with interval scale data. Specially, the relatively input-oriented strong efficiency, both indicate extreme BCC-efficiency and provide a performance measure DMUs. Also, strong efficiency can be applied for ranking extreme BCC-efficient DMUs and BCC-inefficient DMUs.
